A subclass of recently discovered class of solutions in multidimensional gravity with intersecting p -branes related to Lie algebras and governed by a set of harmonic functions is considered. This subclass in case of three Euclidean p -branes (one electric and two magnetic) contains a cosmological solution to D = 11 supergravity related to hyperbolic Kac-Moody algebra F 3 (of rank 3 ). This solution describes the non-Kasner power-law inflation.
I Introduction
Here we consider recently discovered class of solutions with intersecting p -branes [1] . These solutions are governed by a set of harmonic functions. The number of harmonic functions in general is less then the number of p -branes (as it takes place in orthogonal case [2] - [16] ). The solutions correspond to a block-orthogonal set of p -brane vectors U s (see (2.17) below) and may be considered as a Madjumdar-Papapetrou type extension of for the extremal limit of "block-orthogonal" black holes recently found in [17] .
For 1-block case the solution is governed by one harmonic function and for a special configuration may be related to some simple finite dimensional Lie algebra or infinite dimensional hyperbolic Kac-Moody (KM) algebra [18, 19] . The affine KM algebras do not appear among the solutions from [1] .
Let us consider the simplest example of D = 11 supergravity [20] (corresponding to M-theory [21] ). It is known [3, 4, 5] that the orthogonal (or A 1 + A 1 ) intersection rules for the M-theory read 3 ∩ 3 = 1, 3 ∩ 6 = 2, 6 ∩ 6 = 4 (1.1) (here we are counting dimensions of world-sheets and their intersections). For the simplest A 2 = sl(3) Lie algebra the intersection rules are modified as follows [1] 3 ∩ 3 = 0, 3 ∩ 6 = 1, 6 ∩ 6 = 3.
(1.
2)
The rules (1.2) are obtained from (1.1) by a shift of one unit. (For 3 ∩ 3 = 0 the "truncated" theory or without Chern-Simons term should be considered). These modified rules may be writen for a wide class of models and Lie algebras (finite or hyperbolic) and are defined by a Dynkin diagrams [1, 22] . Hyperbolic algebras appeared in different areas of mathematical physics, e.g. in ordinary gravity [23] ( F 3 hyperbolic algebra), supergravity: [24, 25] ( E 10 hyperbolic algebra), [26] ( F 3 hyperbolic algebra), strings etc (see also [27] and references therein). In [26] it was shown that the chiral reduction of a simple ( N = 1 ) supergravity from four dimensions to one dimension gives rise to the hyperbolic algebra of rank 3 (namely F 3 ).
In [1] we considered some examples of hyperbolic intersection rules for the hyperbolic KM algebras of rank 2. These examples were suggested for so-called B D models with D ≥ 14 [22] , containing D − 11 scalar fields with negative kinetic terms. ( B 11 is the truncated bosonic sector of D = 11 supergravity. B 12 is the 12-dimensional model [29] corresponding to the low energy limit of F-theory [30] .)
Here an example of cosmological solution in D = 11 supergravity with three p-branes (two magnetic and one electric) is constructed that have intersection rules corresponding to the hyperbolic KM algebra F 3 .
II The model
We consider a model governed by the action [11] 
is a symmetric non-degenerate l × l matrix (l ∈ N) , θ a = ±1 , F a = dA a is a n a -form ( n a ≥ 1 ), λ a is a 1-form on R l : λ a (ϕ) = λ αa ϕ α , a ∈ △ , α = 1, . . . , l . Here △ is some finite set. We consider a manifold
where g 0 = g 0 µν (x)dx µ ⊗dx ν is a metric on the manifold M 0 , and g i = g i m i n i (y i )dy m i i ⊗dy n i i is a Ricci-flat metric on the manifold M i ( Ric[g i ] = 0 ) i = 1, . . . , n . Any manifold M ν is oriented and connected and d ν ≡ dim M ν , ν = 0, . . . , n . Let
denote the volume d i -form and signature parameter respectively, i = 1, . . . , n . Let Ω = Ω n be a set of all subsets of {1, . . . , n} , |Ω| = 2 n . For any
We also put τ (∅) = ε(∅) = 1 and d(∅) = 0 . For fields of forms we consider the following composite electromagnetic ansatz 
for I ∈ Ω a,e , J ∈ Ω a,m .
II.1 The sigma model
i.e. the generalized harmonic gauge is used. We impose the restriction on sets Ω a,v . These restrictions guarantee the blockdiagonal structure of a stress-energy tensor (like for the metric) and the existence of σ -model representation [11] .
We denote w 1 ≡ {i|i ∈ {1, . . . , n}, d i = 1} , and n 1 = |w 1 | (i.e. n 1 is the number of 1-dimensional spaces among M i , i = 1, . . . , n ).
Restriction 1. Let 1a) n 1 ≤ 1 or 1b) n 1 ≥ 2 and for any a ∈ △ , v ∈ {e, m} , i, j ∈ w 1 , i < j , there are no I, J ∈ Ω a,v such that i ∈ I , j ∈ J and I \ {i} = J \ {j} .
Restriction 2 (only for d 0 = 1, 3 ). Let 2a) n 1 = 0 or 2b) n 1 ≥ 1 and for any a ∈ △ , i ∈ w 1 there are no I ∈ Ω a,m , J ∈ Ω a,e such thatĪ = {i} ⊔ J for d 0 = 1 and J = {i} ⊔Ī for d 0 = 3 . Here and in what follows
It was proved in [11] that equations of motion for the model (2.1) and the Bianchi identities: dF s = 0 , s ∈ S m , for fields from (2.3)-(2.12), when Restrictions 1 and 2 are imposed, are equivalent to equations of motion for the σ -model governed by the action
where (σ A ) = (φ i , ϕ α ) , the index set S from (2.10), target space metric
is the indicator of i belonging to I : δ iI = 1 for i ∈ I and δ iI = 0 otherwise; and 
II.2 Exact solutions in a block-orthogonal case
Let us define the scalar product as follows 
Here we consider exact solutions in the model (2.1), when vectors (U s , s ∈ S) obey the block-orthogonal decomposition (2.22), (2.23) with scalar products defined in (2.21) [1] . These solutions may be obtained from the corresponding solutions of the σ -model [1] , that are presented in Appendix 1.
The solution reads:
, (2.25)
where 
for the matrix (B ss ′ ) , parameters ε s (2.19) and ν s are imposed, s ∈ S , i = 1, . . . , n ; α = 1, . . . , l . Here λ α a = h αβ λ βa , * 0 = * [g 0 ] is the Hodge operator on (M 0 , g 0 ) andĪ is defined in (2.13) .
In deriving the solutions the following relations for contravariant components of U svectors were used [11] :
Thus, we obtained the generalization of the solutions from [11] to the block-orthogonal case (here we eliminate the misprint with sign in eq. (5.19) in [11] ).
Remark 1. The solution is also valid for d 0 = 2 , if Restriction 2 is replaced by Restriction 2 * .
Restriction 2 * (for d 0 = 2 ). For any a ∈ △ there are no I ∈ Ω a,m , J ∈ Ω a,e such thatĪ = J and for
It may be proved using a more general form of the sigma-model representation (see Remark 2 in [11] ).
III Solutions related to Lie algebras and intersection rules
Here we put
for all s ∈ S and introduce the quasi-Cartan matrix A = (A ss ′ )
2)
s, s ′ ∈ S . From (2.23) we get a block-orthogonal structure of A :
where A (i) = (A ss ′ , s, s ′ ∈ S i ) , i = 1, . . . , k . Here we tacitly assume that the set S is ordered, S 1 < . . . < S k and the order in S i is inherited by the order in S .
We note that due to (2.23) the relation (5.5) may be rewritten as
For det A (i) = 0 relation (3.4) may be rewritten in the equivalent form
. Thus, eq. (3.4) may be resolved in terms of ν s for certain
In what follows we consider the block-orthogonal decomposition to be irreducible, i.e. for any i the block (U s , s ∈ S i ) can not be splitted into two mutually orthogonal subblocks. In this case any matrix A (i) is indecomposable (or irreducible) in the sence that there is no renumbering of vectors which would bring A (i) to the block diagonal form
) . Let A be the generalized Cartan matrix [18, 19] . In this case
for s = s ′ and A generates generalized symmetrizable Kac-Moody algebra [18, 19] . Now we fix i ∈ {1, . . . , k} . From (3.3) and (3.6) we get
7)
s, s ′ ∈ S i , s = s ′ . There are three possibilities for A (i) : a) det A (i) > 0 , b) det A (i) < 0 and c) det A (i) = 0 . For det A (i) = 0 the corresponding Kac-Moody algebra is simple, since A (i) is indecomposable [19] .
III.1 Finite dimensional Lie algebras
Let det A (i) > 0 . In this case A (i) is the Cartan matrix of a simple finite-dimensional Lie algebra and A ss ′ (i) ∈ {0, −1, −2, −3} , s = s ′ . The elements of inverse matrix A −1 (i) are positive (see Ch.7 in [19] ) and hence we get from (3.5)
III.2 Hyperbolic Kac-Moody algebras
Let det A (i) < 0 . Among irreducible symmetrizable martrices satisfying (3.7) there exists a large subclass of Cartan matrices, corresponding to infinite-dimensional simple hyperbolic generalized Kac-Moody (KM) algebras of ranks r = 2, . . . , 10 [18, 19] .
For the hyperbolic algebras the following relations are satisfied ε s (U s , U s ) > 0, (3.9) s ∈ S i . This relation is valid, since (A −1 (i) ) ss ′ ≤ 0 , s, s ′ ∈ S , for any hyperbolic algebra [28] .
It was shown in [1] that affine KM algebras with det A (i) = 0 do not appear in the solutions [1] .
III.3 Intersection rules
From the orthogonality relation (2.23) and (2.21) we get The parameters (3.18) play a rather important role in supergravitational theories, since they are preserved under Kaluza-Klein reduction [2] and define the norms of U s vectors:
(U s , U s ) = K(a s ), (3.19) s ∈ S .
Here we put K(a) = 0 , a ∈ △ . Then, we obtain the general intersection rule formulas
is the quasi-Cartan matrix (3.2) (see also (6.32) from [22] ).
In most models including D = 11 supergravity, D = 12 theory [29] , D < 11 supergravities [2] , K(a) = 2 and (3.20) has the following form 
IV Examples

IV.1 Hyperbolic algebra of rank three
Now we consider the example of the solution corresponding to the hyperbolic KM algebra F 3 with the Cartan matrix
The hyperbolic algebra F 3 corresponding to (4.1), is an infinite dimensional Lie algebra generated by the (Serre) relations [18, 19] 
(4.5)
affine Kac-Moody subalgebra (it corresponds to the Geroch group) and A 2 subalgebra.
The calculation of inverse matrix gives us
and, hence,
, −5, −2, (4.7)
for i = 1, 2, 3 respectively. Now we construct an example of the solution with the A -matrix (4.1) for D = 11 supergravity governed by the action (in the bosonic sector)
We consider a configuration with three p -branes, one electric and two magnetic. We denote S = {s 1 , s 2 For the manifold (2.2) we put n = 5 and d 1 = 2 , d 2 = 4 , d 3 = d 4 = 1 , d 5 = 2 . The corresponding sets for p -branes are the following:
The corresponding solution reads g = H −12 −dt ⊗ dt + H 9 g 1 + H 13 g 2 + H 4 g 3 + H 14 g 4 + H 10 g 5 , (4.10)
where ν 2 s 1 = 9 2 , ν 2 s 2 = 5 ν 2 s 3 = 2 (4.12) (see relations (3.5) and (4.7)), all metric g i are Ricci-flat ( i = 1, . . . , 5 ) with the Euclidean signature (this agrees with relations (3.9) and (2.19)), and
h, h 0 are constants. (We remind that here (U s , U s ) = 2 .) The solution (4.10)-(4.13) satisfies not only equations of motion for the truncated model (without the Chern-Simons term), but also the equations of motion for the "total" model (4.8), since the only modification related to "Maxwells" equations
is trivial due to F 4 ∧ F 4 = 0 (since τ i ∧ τ i = 0 ). The metric (4.10) may be also rewritten using the synchronous time variable t s g = −dt s ⊗ dt s + f 3/5 g 1 + f −1/5 g 2 + f 8/5 g 3 + f −2/5 g 4 + f 2/5 g 5 ,
where f = 5ht s = H −5 > 0 , h > 0 , t s > 0 . The metric describes the power-law "inflation" in D = 11 . It is singular for t s → +0 . It is interesting to note that the powers in scale-factors f 2α i do not satisfy Kasner-like relations [31] :
For flat g i the calculation of the Riemann tensor squared gives us (see [32, 33] )
where A = 2 × 1, 0714 .
IV.2 A 3 Lie algebra
Here we present for comparison the solution of D = 11 supergravity corresponding to A 3 Lie algebra with the Cartan matrix
The calculation of inverse matrix gives in this case For the manifold (2.2) we put n = 5 and d 1 = 2 , d 2 = 3 , d 3 = 1 , d 4 = 2 , d 5 = 2 . The corresponding sets for p -branes are the following:
The corresponding solution reads
where
Here the metrics g i are Ricci-flat ( i = 1, 2, 4, 5 ) with the Euclidean signature, and
c, c 0 are constants. So, we obtained the multidimensional "cosmological" solution with the Euclidean "time" ρ .
V Appendix 1: block-orthogonal solutions in the σmodel
Equations of motion corresponding to (2.14) have the following form
s ∈ S . Here △[g 0 ] is the Laplace-Beltrami operator corresponding to g 0 . Proposition [1] . Let (M 0 , g 0 ) be Ricci-flat R µν [g 0 ] = 0 . Then the field configuration for s, s ′ ∈ S i , i = 1, . . . , k . The Proposition can be readily verified by a straigtforward substitution of (5.4)-(5.7) into equations of motion (5.1)-(5.3). In the special (orthogonal) case, when any block contains only one vector (i.e. all |S i | = 1 ) the Proposition coincides with Proposition 1 of [11] . In general case vectors inside each block S i are not orthogonal. The solution under consideration depends on k independent harmonic functions. For a given set of vectors (U s , s ∈ S) the maximal number k arises for the irreducible block-orthogonal decomposition (2.22), (2.23), when any block (U s , s ∈ S i ) can not be splitted into two mutually-orthogonal subblocks.
VI Discussions
Here we obtained the example of the cosmological solution with three Euclidean intersecting p -branes (one electric and two magnetic) satisfying intersection rules for the hyperbolic Kac-Moody Lie algebra F 3 (see (3.21) and (4.1)). The corresponding A 3 solution contains three pseudo-Euclidean p -branes. The difference in sign rules (restriction on ε s ) for finite and hyperbolic algebras is a consequence of inequalities for elements of the inverse Cartan matrix: A −1 ij > 0 for simple (or semisimple) finite dimensional Lie algebra and A −1 ij ≤ 0 (for simple hyperbolic KM algebra). In this paper the hyperbolic KM algebra F 3 appeared only on the simplest level of the Cartan matrix (governing the intersection rules) but the full structure of the algebra, including Serre relations (4.4) and (4.5), was not used. We may suppose that at the second step a more deep penetrating into a "structure" of infinite dimensional hyperbolic algebras will be achieved when general cosmological solutions related to hyperbolic Toda-lattices will be considered.
